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Based on the fact that the transfer function vector between a source receiver array and the dominant scatterer of boundary rever-
beration at a range can be obtained from the corresponding reverberations scattered from this range cell, a reverberation nulling 
concept using time reversal processing has been proposed. However, current reverberation nulling methods have certain limita-
tions when applied into practice, which would null boundary reverberation and target echo simultaneously. As a solution, a pas-
sive reverberation nulling and echo enhancement method at low frequency using waveguide invariance is proposed in this paper. 
In this method, the reverberation subspace for the target range cell is not obtained directly from the return signals scattered by the 
target range cell but from the return signals scattered by a range cell located before the target using waveguide invariance, so as to 
suppress the reverberation embodied in the target echo by passive reverberation nulling. Besides, a range-dependent optimal 
weighting vector rather than conventional projector matrix is deduced to null the reverberation component meanwhile maximizing 
the target echo, thereby enhancing the echo-to-reverberation ratio furthest. Numerical simulations in typical range-independent 
shallow water environment demonstrate the efficacy and the improved performance of the proposed method for echo-to-rever- 
beration enhancement. 
reverberation nulling, echo-to-reverberation enhancement, waveguide invariance, time reversal 
 
Citation:  Guo G Q, Yang Y X, Sun C. Reverberation nulling and echo enhancement at low frequency using waveguide invariance. Chinese Sci Bull, 2011, 56: 




In shallow water, the performance of active sonar systems is 
severely degraded by bottom reverberation that is produced 
by the sonar itself and determined by the characteristics of 
transmission channel. Thus, the suppression of reverbera-
tion is highly desirable. Time reversal (TR) [1–6] process-
ing utilizes the reciprocity of wave transmission in static 
medium and focuses acoustic energy adaptively at the origin 
of the probe signal without prior knowledge of the medium 
and the transducer array. Recently, this new adaptive fo-
cusing method has been applied to echo enhancement and 
reverberation suppression in shallow water [7–10]. 
Assuming that a probe source near the target was avail-
able, Kim et al. [7] studied the echo-to-reverberation en-
hancement of time reversal focusing using a time reversal  
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mirror (TRM) directly. Consequent echo-to-reverberation 
enhancement was demonstrated experimentally in a shallow 
water environment. However, a major drawback of the TR 
processing for practical use in echo-to-reverberation en-
hancement is the requirement of a cooperating probe source 
near the target.  
Under the condition that no cooperating probe source 
near the target was available, Song et al. [8–10] proposed a 
reverberation nulling concept using TRM. This reverbera-
tion nulling concept is based on the fact that the transfer 
function vector between a source receiver array (SRA or 
TRM) and the dominant scatterers of boundary reverbera-
tion can be obtained from the corresponding reverberation 
returns scattered from this range cell. Song et al. [8,9] ini-
tially investigated the active reverberation nulling using a 
TRM, which could null the acoustic energy incident on the 
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corresponding scattering interface by applying an excitation 
weighting vector that is in the complementary subspace 
orthogonal to the focusing vector on the SRA, so as to null 
the corresponding bottom reverberation returns from this 
range cell. Apparently, this active reverberation nulling re-
quires an active transmission from the SRA to the 
waveguide to minimize the sound energy interacting with 
the boundaries at a given range. Because of the limited 
ranges over which the boundary interaction of the sound 
energy is suppressed, different excitation vectors must be 
transmitted for each range cell of interest for target detec-
tion. As an alternative, Song et al. [10] then proposed a pas-
sive processing method for reverberation nulling, which is 
called a passive reverberation nulling method in this paper. 
In a similar fashion, the transfer function vectors between 
the SRA and the dominant scatterers of boundary reverbera-
tion at each range cell are extracted from the observed re-
verberation returns. And then the obtained transfer function 
vectors are employed in subsequent derivation of a range- 
dependent sequence of projection operators, which are later 
applied to the raw received data vectors to suppress the re-
verberation component embedded in return signals without 
specialized active retransmissions for each range cell. 
Unfortunately, both active and passive reverberation 
nulling methods suffered from certain limitations when ap-
plied to practice. The basis of these two methods is that a 
time-windowed segment of reverberation enables estimation 
of the transfer function vector between SRA and the corre-
sponding range cell along the bottom [11]. In previous 
studies, only boundary reverberation that returns from the 
conventional active transmissions were considered and tar-
get-free reverberation observations were assumed to be 
available to construct a reverberation subspace and a 
weighting vector of SRA for retransmission (or a projection 
matrix for passive reverberation nulling). If a target exists in 
the waveguide, however, the return signals from the target 
range contain not only the boundary reverberation but also 
the target echo, which are difficult to separate to obtain tar-
get-free reverberation observations without any prior 
knowledge. Thus, the reverberation subspace constructed 
from these “mixed” return signals would inherently contain 
the response information between the source receiver array 
elements and the target. Consequently, the reverberation 
nulling using this reverberation subspace would reduce the 
bottom reverberation and the target echo simultaneously.  
To solve the above problem, an echo-to-reverberation 
enhancement method based on decomposition of the time 
reversal operator (DORT) [12–16] with forward and back-
ward reverberation nulling has been proposed [17]. This 
method can focus sound energy at the target while nulling 
the energy at the bottom near the target range simultane-
ously, substantially enhancing the echo-to-reverberation 
ratio without a probe source and prior knowledge about the 
relative scattering intensity of target and bottom. Neverthe-
less, it is an active processing method and requires transmit-
ting different nulling excitation vectors for each range cell 
of interest for target detection, which has heavy computa-
tion load. 
In terms of passive processing, a passive reverberation 
nulling and echo enhancement method using waveguide 
invariance is proposed in this paper. A major advance is that 
the reverberation subspace for the target range cell is ob-
tained from the return signals scattered by a range cell lo-
cated before the target using waveguide invariance, rather 
than directly from the return signals scattered by the target 
range cell. Therefore, reverberation is significantly sup-
pressed while the target echo is maintained. Moreover, a 
range-dependent optimal weighting vector is deduced rather 
than a conventional projector matrix to null the reverbera-
tion component in the return signals while maximizing the 
target echo simultaneously, therefore enhancing the echo-to- 
reverberation ratio furthest. Since passive processing is 
used, this method eliminates the complexity of transmitting 
different nulling excitation vectors for each range of inter-
est, which is required in the active time reversal reverbera-
tion nulling. And since the waveguide invariance is used to 
predict the reverberation subspace, this method also reme-
dies the shortage of current passive reverberation nulling, 
which may diminish the target echo and bottom reverbera-
tion simultaneously. 
1  Reverberation nulling 
The basic theory of TR reverberation nulling was described 
in detail in [8]. A brief review is given in this section.  
An SAR consisting of N elements is configured to trans-
mit a pulse of length τ to the waveguide starting at t=t0, and 
then the resulting reverberation time series are recorded on 
each element. Assuming that only single scattering is im-
portant, the scattering from a specific range R will contrib-
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          (1) 
where tc=2R/c0 is the approximate round-trip travel time, c0 
is the average modal group speed, and Δ is the duration 
width of the temporal window, which depends on the source 
pulse length and the dispersive properties of the waveguide. 
For a narrowband signal, it is typical to choose Δ=τ. Due to 
the dispersion in the waveguide, the reverberation in the 
widowed time series is mainly contributed by a range cell (a 
span of ranges of width ΔR=c0Δ/2=c0τ/2). Thus, a time- 
gated portion of the reverberation can be reduced to a single 
(extended) source problem for a specific range cell. The 
scattering model between SRA and the bottom interface 
around the range R is presented in Figure 1. The horizontal 
distance between SRA and the target S1 (or the bottom 
scatter S2) is R, and the bottom sactterers S3, S2 and S4 are  
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Figure 1  The scattering model from the target and bottom scatterers to 
SRA. 
neighboring with horizontal interval ∆R=c0τ/2. The trans-
mission function vector between the target S1 and SRA is 
denoted by h1(ω)=[h11,h12,···,h1N]T. Similarly, the transmis-
sion function vectors between the bottom scatterers S2, S3 
and S4 and SRA are denoted by h2(ω), h3(ω) and h4(ω), 
respectively. 
For a given range of interest, a time reversal operator 
(TRO) [11,18,19] can be constructed from the return signals 
received by SRA as 
* H *TRO ( ) ( ) ( ( ) ( )) ( ),ω ω ω ω ω≡ = =  *K K K K R     (2) 
where the superscript “*” denotes phase conjugation, H 
represents Hermitian transpose, ω is the frequency, K(ω)is 
transfer matrix, and ( )ωK  is the return signal matrix 
which can be written as 
( ) ( ) ( ),ω ω ω=K K E                (3) 
where E=[e1,e2,···,eN] is an excitation matrix whose column 
vectors ei represent N forms of excitation of the array 
(beams), and it satisfies the orthogonality, i.e. EEH=EHE=I, 
where I is an identity matrix with size N. Then eigen-   
decomposition of the TRO yields  
H H( ) ,ω Ω= Λ +R U U V V            (4) 
where Λ is a diagonal matrix containing K largest eigenval-
ues, U is an N×K matrix of the corresponding eigenvectors 
(ui, i=1,…K) spanning a K-dimensional reverberation sub- 
space, Ω is a diagonal matrix containing N–K smallest ei- 
genvalues, and V is an N×(N–K) matrix of the correspond- 
ing eigenvectors (vi, i=1,···,N–K) spanning a (N–K)-dimen- 
sional noise subspace.  
Ideally if there is no target at this range, TRO is a rank-1 
matrix, a single reverberation return (a single snapshot) al-
lows construction of the TRO. In this case, the signal sub-
space is 1-dimensional (i.e. K=1) and can be represented by 
a single eigenvector u1, which is proportional to the transfer 
function vector between the source receiver array elements 
and the dominant scatterers of boundary reverberation. Us-
ing this eigenvector as an excitation weighting vector of 
SRA for retransmission, a strong return would be yielded in 
the resulting reverberation at the corresponding time win-
dow [11]. For active reverberation nulling case, if an arbi-
trary vector in the (N–1)-dimensional noise subspace, which 
is orthogonal to the signal subspace, is chosen as an excita-
tion weighting vector of SRA for retransmission, the sound 
energy interacting with the range cell along the bottom will 
be reduced and the resulting reverberation will yield a null 
at the corresponding time window [8,9]. For passive rever-
beration nulling case, however, instead of retransmitting 
sound energy to the waveguide using nulling excitation 
weighting vectors, a projection operator is directly applied 
to the received signal data vectors produced by conventional 
transmission. The projection operator can be constructed in 
terms of an N×N projection matrix which is orthogonal to 







= − = −∑P I UU I u u            (5) 
Consequently, passive reverberation nulling can be 
achieved by applying this projector matrix P directly to the 
reverberation returns [10].  
If there is a target in the waveguide, however, the return 
signals from the target range contain both the boundary re-
verberation and the target echo. Then the signal subspace 
obtained by DORT from these return signals is 
2-dimensional (i.e. K=2) with eigenvector u1 and u2, which 
reflect the information in reverberation subspace and the 
target echo subspace, respectively. Without prior knowledge 
about the relative scattering intensity of target and bottom 
scatterers, it is impossible to extract a pure reverberation 
subspace for reverberation nulling. Therefore, both the ac-
tive and passive reverberation nulling methods would re-
duce the bottom reverberation and the target echo simulta-
neously [10,17]. 
One solution using the active processing is the echo-to- 
reverberation enhancement method based on DORT with 
forward and backward reverberation nulling, as proposed in 
[17]. Without a probe source or knowledge of the relative 
scattering intensity of target and bottom, this method en-
ables sound energy focus at the target while simultaneously 
suppress the energy at the bottom near the target range, 
thereby enhancing the echo-to-reverberation ratio. Another 
solution in terms of passive processing for echo-to-rever- 
beration ratio enhancement will be described in detail in 
next section.  
2  Echo-to-reverberation enhancement 
2.1  Waveguide invariance 
Waveguide invariance illustrates that low frequency broad-
band acoustic pressure spectrum in an oceanic waveguide 
has stable frequency-range interference pattern [20,21]. And 
based on this, Zhang et al. [22] demonstrated a linear phase 
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relationship between the frequency response functions of 
two points with certain longitudinal distance. Recently, the 
waveguide invariance is used to improve the longitudinal 
correlations of acoustical field [22] and to shift the range of 
time reversal focusing [23,24]. Here, the waveguide invari-
ance is employed to predict the reverberation subspace of 
the target range cell from the return signals scattered by a 
range cell before the target.  
Assume that a low frequency acoustic signal is transmit-
ted into a range-independent waveguide environment. Let 
G(R,zr,zs,ω) denote the response function of the ocean 
channel, where the distance between the source and the re-
ceiver is R and the depths of the source and receiver are zs 
and zr respectively. If ΔR<<R, it has been proved that [21] 
2 2( , , , ) ( , , , ) ,r s r sG R R z z G R z zω ω ω+ Δ + Δ ≈       (6) 





Δ Δ=                 (7) 
where β is the waveguide invariant introduced by Chuprov 
et al. [20] and is denoted by  






ω υβ ω υ≡ = −                (8) 
where υp and υg are the averaged phase velocity and group 
velocity, respectively. 
According to the normal mode theory, a linear phase re-
lationship between G(R,zr,zs,ω) and G(R+ΔR,zr,zs,ω+Δω) 
has been proved as [22] 
( , , , ) exp( ( )) ( , , , ),r s r sG R R z z i R G R z zω ω ωτ ω+Δ + Δ ≈ Δ ⋅ (9) 
where the frequency shift Δω and range shift Δr still hold 
eq. (7). It was indicated that τ varies insignificantly with 
frequency ω, and can be regarded as a function of Δr only 
[22]. Thus, a linear phase relationship between the transfer 
function vectors h2(ω) and h3(ω), denoted in Figure 1, can 
be given by  
3 2( ) exp( ( )) ( ).i Rω ω ωτ ω−Δ ≈ − Δh h         (10) 
2.2  Passive reverberation nulling using waveguide  
invariance 
According to the scattering model shown in Figure 1, the 
return signals scattered from the target range R and received 
by SRA contain both the boundary reverberation and the 
target echo, which can be written in frequency domain by  
( , ) ( ) ( , ) ( ),R Rω ω ω ω= + +x s r n          (11) 
where s(ω) is the target echo, r(R,ω) is the reverberation 
scattered by the bottom scatterer at the target range R (i.e. 
S2), and n(ω) is the environment noise, which can be   
regarded as an additive white noise and is uncorrelated with 
target echo as well as reverberation. Using these return sig-
nals and DORT as referred in Section 1, a signal subspace 
U(R,ω) can be determined, which includes both echo and 
reverberation subspaces with eigenvectors ui(R,ω) (i=1,···, 
K). Since no prior knowledge about the relative scattering 
intensity of the target and the bottom scatterer is available, 
it is impossible to distinguish which corresponds to the tar-
get echo and which corresponds to the reverberation. Thus, 
it is impossible to extract a pure reverberation subspace 
from the whole signal subspace for reverberation nulling. 
In fact, the return signals received by SRA at the moment 
before the target echo appearing are dominated by the re-
verberation produced by bottom scatterer S3, which can be 
written as 
( , ) ( , ) ( ).R R R Rω ω ω−Δ = − Δ +x r n         (12) 
From these “earlier” return signals, a pure reverberation 
subspace U(R–ΔR,ω), associated with eigenvectors ui(R– 
ΔR,ω) (i=1,…K′), can be obtained by DORT. Ideally, the 
rank of reverberation subspace will be equal to 1 (i.e. K=1), 
and the eigenvector u1 is proportional to the transfer func-
tion vector between the SRA and the boundary scatterer S3, 
i.e. u1(R–ΔR,ω)≈h3(ω).  
If the duration of the signal emitted by SRA is short (i.e. 
τ is small) and the distance between the bottom sactterers S2 
and S3 is small (i.e. ΔR=cτ/2 is small), then the reverbera-
tions from these two range cells can be assumed to be ap-
proximately stationary and highly correlated [25]. Intui-
tively, the reverberation subspace U(R–ΔR,ω) can be di-
rectly used as a predictor (or estimate) for the reverberation 
subspace at the target range (i.e. Û(R,ω)=U(R–ΔR,ω)). Then 
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Simulations which will be presented in Section 3 indicate 
that passive reverberation nulling using this projection ma-
trix will reduce the reverberation embedded in the target 
echo to lower levels if ΔR (or τ) is small. As ΔR (or τ) in-
creases, however, the difference between the predicted re-
verberation subspace and the real one will become larger, 
and then the performance of the reverberation nulling will 
degrade. Herein, the waveguide invariance is used to solve 
this problem. According to eq. (10), the eigenvector is ap-
proximated as  
1 3 3( ) ( ) exp( ) ( ).R R, iω ω ω ω ωτ ω−Δ −Δ ≈ −Δ ≈ −u h h  (14) 
Thus, a pure and exact reverberation subspace u1(R,ω) for 
the target range R can be determined by DORT from the 
reverberations scattered by the boundary interface at range 
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R–ΔR with frequency shift Δω, although there is a phase 
difference exp(–iωτ) between the eigenvector u1(R–ΔR,ω– 
Δω) and the transfer function vector h2(ω). Using this re-
verberation subspace as a forward prediction of the rever-
beration subspace for target range (i.e. ûi(R,ω)=ui(R–ΔR,ω– 
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Once derived projection matrix Pˆ  is applied to return 
signals (i.e. ˆ ˆ ˆ( , ) ( ) ( , )),R Rω ω ω= +Px Ps Pr the reverbera-
tion component will be expectedly suppressed so that the 
echo-to-reverberation ratio is enhanced (i.e. ˆ ( , )R ωPr  
ˆ ( )ω<< Ps ). 
Since priori knowledge of target range is usually un-
available in real application, the proposed method can be 
realized by sliding (moving) a window as follows. Firstly, 
the return signals with a bandwidth received by SRA are 
divided into segments, each of which is transformed into the 
frequency domain by fast Fourier transform. Then, a rever-
beration subspace, denoted by U(Rk,ω–Δω), is obtained 
from the kth segment data with a certain frequency shift to 
construct a project matrix Pˆ  in eq. (15). After that, the 
projection matrix Pˆ  is applied to the next segment of the 
return signal data x(Rk+1,ω) to null the reverberation com-
ponent embedded in the (k+1)th segment (i.e. 
|Pr(Rk+1,ω)|≈0). Finally, the whole reverberation compo-
nent embedded in the return signals can be suppressed by 
the above processing for each segment truncated by the 
sliding (moving) window as k increase, ultimately improv-
ing the target detectability. 
2.3  Target echo enhancement  
The passive reverberation nulling described in previous 
section mainly focused on the reverberation nulling and 
little consideration was given to echo enhancement. Since 
the signal subspace U(R,ω) contains the transfer function 
vector information between the target and SRA, it is possi-
ble to further enhance the target echo using this signal sub-
space information. The basic strategy for the target echo 
enhancement is to find a weighting vector of SRA (denoted 
by w) to null the reverberation component (i.e. wTr(R,ω)=0), 
meanwhile maximizing the target echo strength (i.e.    
max|wTs(ω)|2). In this way, a constrained optimization 
problem can be constructed as 
H * Tmax( ( )) max( ( ) ( ) )I ω ω=
w w
w w s s w  
s.t. T ( , ) 0R ω =w r , H 1=w w .         (16) 
Because the echo information s(ω) and the reverberation 
information r(R,ω) are not apparently available from the 
return signal x(ω), the constrain of the reverberation nulling 
wTr(R,ω)=0 is substituted by wTui(R–ΔR,ω–Δω)=0, i=1,···, 
K, as in eq. (14), and the echo information s(ω) is substi-
tuted by 0 1 ( , )
K
ii
R ω== ∑u u . According to the principle of 
DORT [12], it is known that u0(R,ω) is a linear combination 
of the transfer function vectors h1(ω) and h2(ω), i.e. 
u0(R,ω)=c1h1(ω)+c2h2(ω), where the coefficients c1 and c2 
depend on the relative scattering intensity of the target and 
the bottom scatterer. Then, substituting u0 into I(w) yields 
H T H
0 0 1 1
* T
2 2 1 1 2 2
2 H T * H * T
1 1 2 1 2 1 2
2* H * T H * T
1 2 2 1 2 2 2
( ) ( ( )
             ( )) ( ( ) ( ))
        ( ) ( ) ( ) ( )








ω ω ω ω





*w w u u w w h
h h h w
w h h w w h h w  
 w h h w w h h w
 
Due to the bottom reverberation nulling constrains 
(wTui(R–ΔR,ω–Δω)=0, i=1,…K), the last three terms in eq. 
(17) are reasonably assumed to be zero, simplifying the 
problem to maximizing I(w) is equivalent to maximizing the 
strength of target echo. Now, eq. (16) can be written as 
H * T
0 0max( ( )) max( )I =w ww w u u w  
s.t. 
T ˆ 0=w U , H 1,=w w ,          (18) 
where Û=U(R–ΔR,ω–Δω)=[u1(R–ΔR,ω–Δω), ···, uK(R–ΔR, 
ω–Δω)]. 
Using the projection matrix Pˆ  given in eq. (15), the 
solution vector of eq. (18) is 
Hˆ ˆ ˆ[ ] ,= = −w Pu I UU u               (19) 
where u is a new N-dimension vector. Then eq. (18) can be 
reduced to 
H * T
0 0max( ( )) max( )I =u uu u Pu u Pu  
s.t. 
H 1=u Pu .                 (20) 
Using Lagrange multiplier method to solve this constrained 









               (21) 
Therefore, the final optimal solution of eq. (18) is given by 
*
0





= = Puw Pu
u Pu
           (22) 
Like the projection matrix Pˆ  used in passive reverbera-
tion nulling, the optimal weight vector wopt can be directly 
applied to the return signals (i.e. T Topt opt( , ) ( )R ω ω= +w x w s  
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T
opt ( , )R ωw r ) to null the reverberation component (i.e. 
T
opt ( , ) 0R ω ≈w r ) while maximizing the target echo compo-
nent simultaneously (i.e. Toptmax ( )ωw s ), therefore, en-
hancing the echo-to-reverberation ratio further. As referred 
above, this method can be realized by a sliding (moving) 
window, so as to suppress the whole reverberation compo-
nent embedded in the return signals while enhancing the 
target echo simultaneously if there does exist echo in the 
return signal data, therefore enhancing the echo-to-rever-
beration ratio furthest for target detection. 
3  Simulations  
In this section, the passive reverberation nulling and echo 
enhancement using waveguide invariance proposed in this 
paper is studied by numerical simulations in a range-inde- 
pendent waveguide environment. The simulation environ- 
ment is similar to that of the experiment presented in [7], as 
shown in Figure 2. The SRA consists of 32 elements span-
ning the water column from 12 m to 105 m with 3 m in-
ter-element spacing in the 120 m deep water. The sound- 
speed profile indicates a typical downward refracting envi-
ronment. The target is at 60 m in depth and 4 km in range 
from the SRA (corresponding to 5.3 s round-trip travel 
time). And the scattering strength of the target is assumed to 
be equal to that of the bottom scatterers. The central fre-
quency of the signal for simulations is 500 Hz. Assume that 
the environment has no fluctuation during the processing. In 
this waveguide environment, β≈1.2, calculated in eq. (8). In 
real application, several local and global techniques can be 
used to extract the waveguide invariant from the spectro-
gram striations [26]. Only the bottom boundary scattering is 
considered. Shallow water normal mode reverberation model 
[27,28] is used to calculate the reverberation returns from the 
bottom interface. And the acoustic field and normal modes 
are calculated by KRAKEN normal mode codes [29].  
 
Figure 2  Shallow water environment used for numerical simulation. 
Assuming that SRA ensonifies the waveguide by exciting 
all elements simultaneously (broadside transmission, BS), 
the bottom reverberations scattered from each range cell and 
the target echo are calculated separately using the normal 
model. And the returned signals are acquired by adding the 
simulated target echo to the bottom reverberations at around 
5.3 s. Figure 3(a) shows the incoherent reverberation level 
received by SRA from BS transmission. It is observed that 
the echo at 5.3 s is submerged in bottom reverberation. Fig-
ure 3(b) shows the reverberation level received by SRA 
from the BS transmission after using conventional passive 
reverberation nulling discussed in Section 1. Because the 
reverberation subspace for the target range is directly ob-
tained from the target echo together with reverberation re-
turns from the target range, it contains both reverberation 
subspace and echo subspace information. Thus the rever-
beration and the echo are suppressed simultaneously by the 
passive reverberation nulling using the projector matrix P 
given in eq. (5). 
In order to solve the above problem, a passive reverbera-
tion nulling method using waveguide invariance is proposed 
in this paper. As referred in Section 2.2, intuitively we trend 
 
Figure 3  Reverberation levels from BS transmissions. (a) Incoherent reverberation level from the BS transmission; (b) the resulting reverberation level 
after passive reverberation nulling using the projector matrix given in eq. (5). 
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to use the direct forward prediction, where the reverberation 
subspace U(R–ΔR,ω) is directly used as a predictor (or esti-
mate) of the reverberation subspace for the target range (i.e. 
Û(R,ω)=U(R–ΔR,ω)). Apparently, this direct forward predic-
tion is not accurate enough. Integration of frequency shift into 
the forward prediction could improve its performance with 
appreciably enhanced correlation of the predicted reverbera-
tion subspace and the real one, as indicated in eq. (14). 
Let ΔR =40 m, which is determined by the signal dura-
tion τ as ΔR=cτ/2. For passive reverberation nulling based 
on direct forward prediction, Û(R,ω)=U(R–ΔR,ω) is used to 
construct the projection matrix Pˆ  according to eq. (13). 
Figure 4(a) shows the resulting reverberation level after 
passive reverberation nulling using this projection matrix 
Pˆ . For passive reverberation nulling using waveguide in-
variance, Û(R,ω)=U(R–ΔR,ω–Δω) is used to construct the 
projection matrix Pˆ  according to eq. (15), where Δω is 
calculated in eq. (7). The resulting reverberation level is 
presented in Figure 4(b). Similar results obtained by these 
two passive nulling methods when ΔR=80 m are shown in 
Figure 5. Comparing the reverberation nulling results given 
in Figures 4 and 5, it can be found that passive reverberation 
nulling using the projection matrix Pˆ  in eq. (15) can sup-
press the reverberation more efficiently and is relatively 
more robust as ΔR increases than that using the projection 
matrix Pˆ  in eq. (13). 
As discussed in Section 2.3, an optimal weighting vector 
wopt of SRA can be obtained from Pˆ  and U(R,ω) to null 
the reverberation while promoting the target echo strength. 
For the case of passive reverberation nulling based on direct 
forward prediction, where Û(R,ω)=U(R–ΔR,ω) is used to 
construct the projection matrix Pˆ  according to eq. (13), 
the resulting reverberation level after reverberation nulling 
using the optimal weighting vector is shown in Figure 6(a). 
For the case of passive reverberation nulling using 
waveguide invariance, where Û(R,ω)=U(R–ΔR,ω) is used to 
construct the projection matrix Pˆ  according to eq. (15), 
the resulting reverberation level after reverberation nulling 
using the optimal weighting vector is shown in Figure 6(b). 
Comparing the reverberation nulling results given in Figures 
6 and 5, it can be intuitively found that the echo levels after 
reverberation nulling by optimal weight vector and project 
matrix are approximately equal, while the reverberation lev-
els after reverberation nulling by optimal weight vector 
 
Figure 4  The resulting reverberation levels after passive reverberation nulling using the projection matrix given in eq. (13) (a), and passive reverberation 
nulling using the projection matrix given in eq. (15) (b), when ΔR =40 m. 
 
Figure 5  The resulting reverberation levels after passive reverberation nulling using the projection matrix given in eq. (13) (a), and passive reverberation 
nulling using the projection matrix given in eq. (15) (b), when ΔR =80 m. 
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Figure 6  The resulting reverberation levels after passive reverberation nulling using optimal weighting vector based on direct forward prediction (a) and 
passive reverberation nulling using optimal weighting vector based on forward prediction using waveguide invariance (b) when ΔR =80 m. 
are lower, which is due to the normalization of optimal 
weight vector in eq. (16). Actually, the capability of rever-
beration nulling by optimal weight vector and project matrix 
is identical, while the former can further enhance the target 
echo, therefore obtaining higher echo-to-reverberation ratio. 
The effect of ΔR increment on echo-to-reverberation ra-
tio enhancement is examined. Figure 7 presents the echo-to- 
reverberation ratio enhancement results by two passive re-
verberation nulling methods, where the optimal weighting 
vectors are obtained based on forwardinging prediction (de-
noted as RUFP) and the improved forwarding prediction 
using waveguide invariant (denoted as RUWI) proposed in 
this paper. The solid line at about 10 dB denotes the echo- 
to-reverberation ratio of the original returns from BS trans-
mission. As shown in the figure, if ΔR is small, both meth-
ods are effective for echo-to-reverberation ratio enhance-
ment. Furthermore, when ΔR increases, both of the methods 
become less effective for echo-to-reverberation enhance-
ment. However, it is noticeable that the proposed method 
RUWI produced appreciably higher echo-to-reverberation 
 
Figure 7  The echo-to-reverberation ratio enhancement results by two 
reverberation nulling methods, where the optimal weighting vectors are 
obtained respectively based on forwarding prediction (denoted as RUFP) 
and the improved forwarding prediction using waveguide invariant (de-
noted as RUWI), as ΔR increases. 
ratio at each ΔR case compared with the method RUFP. 
4  Conclusion 
In order to remove the limitations of current time reversal 
reverberation nulling method in practical use, a passive re-
verberation nulling and echo enhancement method using 
waveguide invariance is proposed in this paper. The basic 
theory of the method is that the reverberation subspace for 
the target range cell can be predicted from the reverberation 
returns scattered from a range cell located before the target 
using the waveguide invariance. Passive reverberation 
nulling using this predicted reverberation subspace can sup-
press the reverberation components in the target echo while 
the target echo is maintained. In addition, a range-depend 
optimal weight vector is deduced rather than a projector 
matrix to null the reverberation component meanwhile 
maximizing the target echo strength, therefore, enhancing 
the echo-to-reverberation ratio. The performance of the re-
verberation nulling and echo enhancement method proposed 
in this paper is studied by numerical simulations in typical 
shallow water environment. Conclusion is drawn as follows:  
(1) Since passive processing is used, the proposed 
method eliminates the complexity of the active time reversal 
reverberation nulling, which requires active transmissions 
with different nulling excitation weighting vectors for all 
range cells potentially containing targets. Moreover, be-
cause a pure and exact reverberation subspace for the target 
range is obtained by forward predicting, this method suc-
cessively overcomes the deficiencies of current passive re-
verberation nulling, such as simultaneous nulling of the 
target echo and the bottom reverberation.  
(2) Although using optimal weighting vector of SRA 
performs almost equivalently as the case using the project 
matrix on suppression of the reverberation components, 
using optimal weighting vector can also maximize the target 
echo strength, ultimately resulting in much higher echo-to- 
reverberation ratio. 
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